A family of composite black brane solutions in the model with scalar fields and fields of forms is presented. The metric of any solution is defined on a manifold which contains a product of several Ricci-flat "internal" spaces. The solutions are governed by moduli functions Hs (s = 1, ..., m) obeying non-linear differential equations with certain boundary conditions imposed. These master equations are equaivalent to Toda-like equations and depend upon the non-degenerate (m × m) matrix A. It was conjectured earlier that the functions Hs should be polynomials if A is a Cartan matrix for some semisimple finite-dimensional Lie algebra (of rank m). It is shown that the solutions to master equations may be found by using so-called fluxbrane polynomials which can be calculated (in principle) for any semisimple finite-dimensional Lie algebra. Examples of dilatonic charged black hole (0-brane) solutions related to Lie algebras A1, A2, C2 and G2 are considered.
Introduction
In this paper we deal with spherically-symmetric solutions with horizon defined on product manifolds containing several Ricci-flat factor-spaces (with diverse signatures and dimensions). Solutions of such type appear either in models with antisymmetric forms and scalar fields [1] - [11] or in models with multi-component anisotropic fluid (MCAF) [12] - [16] . For black brane solutions with 1-dimensional factor-spaces (of Euclidean signatures) see [17, 18, 19] and references therein.
These and more general brane cosmological and spherically symmetric solutions were obtained by reduction of the field equations to the Lagrange equations corresponding to Toda-like systems [2, 20] .
Here we consider black brane solutions in the model with scalar field and fields of forms, when certain relations on parameters are imposed. The solutions are governed by a set of functions H s , s = 1, ..., m, obeying non-linear differential equations with certain boundary conditions imposed. These equations depend upon the non-degenerate m × m matrix A. It was conjectured in [6] that the moduli functions H s should be polynomials when A is a Cartan matrix for some semisimple finite-dimensional Lie algebra G of rank m. In this case we deal with special solutions to open Toda chain equations related to the Lie algebra G [21, 22, 23, 24] which are integrable in quadratures. The conjecture from [6] was verified for the Lie algebras A m , C m+1 , m ≥ 1 in [7, 8] by using the solutions to Toda chain equations corresponding to the Lie algebras A m from [25] .
Here we show that the black brane solutions under consideration may be also found by using so-called fluxbrane polynomials [26] , which may be calculated (in principle) for any (semi)simple finite-dimensional Lie algebra using MATHEMATICA [27] or MAPLE [28, 29] . For any solution we find the Hawking temperature as a function of p i -parameters of fluxbrane polynomials. Recently, in [30] a similar approach appeared in a context of special Toda charged black hole solutions corresponding to Lie algebras A m , where a formal relation for A m fluxbrane polynomials was obtained in a way similar to our earlier consideration [7, 8] based on the Anderson solution [25] . Here we illustrate the general approach by applying it to dilatonic charged black hole solutions related to Lie algebras A 1 , A 2 , C 2 and G 2 .
Black brane solutions
We start with a model governed by the action
where
is a n a -form (n a ≥ 1), λ a is a 1-form on
Here △ is some finite set. In the models with one time all θ a = 1 when the signature of the metric is (−1, +1, . . . , +1).
In [6, 7, 8] we have obtained a family of black brane solutions to the field equations corresponding to the action (2.1). These solutions are defined on the manifold
and have the following form
In (2.4) g 0 is the canonical metric on the unit sphere M 0 = S d 0 and g i is a Ricci-flat metric on M i , i = 2, . . . , n and δ iI = j∈I δ ij is the indicator of i belonging to I: δ iI = 1 for i ∈ I and δ iI = 0 otherwise. We also denote g 1 = −dt ⊗ dt. The brane set S is by definition
v = e, m and Ω a,e , Ω a,m ⊂ Ω, where Ω = Ω(n) is the set of all non-empty subsets of {1, . . . , n}, i.e. all branes do not "live" in M 0 . Any brane index s ∈ S has the form s = (a s , v s , I s ), where a s ∈ △, v s = e, m and I s ∈ Ω as,vs . The sets S e and S m define electric and magnetic branes correspondingly. In (2.5) χ s = +1, −1 for s ∈ S e , S m , respectively. All branes contain the time manifold M 1 = R, i.e.
All manifolds M i , i > 0, are assumed to be oriented and connected and the volume d i -forms 11) and signature parameters
are well-defined for all i = 1, . . . , n.
Forms F s correspond to electric and magnetic branes for s ∈ S e , S m , respectively. In 
14)
]. Here we assume that 16) i.e. the matrix (B ss ′ ) is a non-degenerate one. Let consider the matrix
s, s ′ ∈ S. Here some ordering in S is assumed.
We denote
Functions H s > 0 obey the equations
with B s = ε s B ss Q 2 s and the boundary conditions imposed:
and
Here we also impose the following condition
Then the metric has a regular horizon at R d = 2µ and has an asymptotically flat (2
Due to (2.7) and (2.8), the dimension of brane worldvolume is defined by relations
Restrictions on brane intersections. The composite black brane solutions under consideration take place if two restrictions on the sets of branes are obeyed. These restrictions guarantee the block-diagonal form of the energy-momentum tensor.
Restriction 1. For any colour index a ∈ △ and electromagnetic index v = e, m
Restriction 2 For any colour index a ∈ △, I ∈ Ω a,e (electric brane set) and J ∈ Ω a,m (magnetic brane set)
The Hawking temperature. The Hawking temperature corresponding to the solution reads
where H s0 are defined in (2.21) . This solution describes a set of charged (by forms) overlapping branes "living" on sub-
3 Polynomial structure of H s for semisimple Lie algebras
Black brane polynomials
Now we deal with solutions to second order non-linear differential equations (2.20) which may be rewritten as follows
Here we identify for simplicity S with the set of m = |S| numbers: S = {1, ..., m}.
The condition (2.23) reads as follows
ǫd , ǫ > 0. Equations (3.1) are equivalent to Toda-type equations [7, 8] . It was conjectured in [6] that equations (3.1)-(3.3) have polynomial solutions when (A sl ) is a Cartan matrix for some semisimple finite-dimensional Lie algebra G of rank m. In this case we get
where P (k) s are constants, k = 1, . . . , n s ; P (ns) s = 0, and
, are the components of twice the dual Weyl vector in the basis of simple co-roots [31] . Here (A sl ) = (A sl ) −1 . This conjecture was verified for A m and C m+1 series of Lie algebras in [7, 8] . In the extremal case (µ = +0) an analogue of this conjecture was suggested (implicitly) in [32] .
The simplest example occurs in the orthogonal case : [17, 18, 19] and refs. therein). In this case (A sl ) = diag(2, . . . , 2) is a Cartan matrix for the semisimple Lie algebra A 1 ⊕ . . . ⊕ A 1 and
with P s = 0, satisfying
there exists a unique set of numbers P s > 0 obeying (3.8) .
A 2 -case. For the Lie algebra G coinciding with A 2 = sl(3) we get n 1 = n 2 = 2 and
where P s = P (1) s and P (2) s = 0 are constants, s = 1, 2. It was found in [6] that for P 1 + P 2 + 4µ = 0 (e.g. when all P s > 0) the following relations take place
10)
Here we denote s + 1 = 2, 1 for s = 1, 2, respectively. Other solutions. The "master" equations were integrated (using Maple) in [9, 10] for Lie algebras C 2 and A 3 , respectively. Recently, in [30] the solutions to master equations were found for A m Lie algebras using the general solutions to Toda chain equations from [25] .
Special solutions H s (z) = (1+P s z) bs appeared earlier in [3] and later in [4, 5] in a context of so-called block-orthogonal configurations.
Fluxbrane polynomials
Here we deal with the so-called fluxbrane polynomials which will be used in the next section for solving the black brane master equations (3.1) with the boundary conditions (3.2) and (3.2) imposed.
The conjecture on fluxbrane polynomials
Now, we deal with the polynomials which obey the following set of equations The functions H s (z) > 0 appeared in generalized fluxbrane solutions which were obtained in [26] . Parameter P s is proportional to brane charge density squared q 2 s , s = 1, ..., m and z = ρ 2 , where ρ is a radial coordinate. The boundary condition (4.2) guarantees the absence of singularity (in the metric) for ρ = +0. For fluxbrane solutions in supergravities (or stringy-inspired models) see [26, 33, 34, 35] and references therein.
The fluxbrane solutions from [26] and similar S-brane solutions from [36] are special classes of more general solutions from [20] . The simplest "fluxbrane" solution is a wellknown Melvin solution [37] corresponding to the Lie algebra A 1 = sl(2).
It was conjectured in [26] 
where P (k) s are constants, k = 1, . . . , n s . Here P (ns) s = 0 and n s are defined in (3.6) It was pointed in [26] that the conjecture on polynomial structure of H s may be verified for A n and C n Lie algebras along a line as it was done for black brane polynomials in [7, 8] .
The substitution of (4.3) into (4.1) gives a chain of relations on parameters P (k) s and P s . For A − D − E (simply laced) Lie algebras these relations were used for calculations of polynomials (by using MATHEMATICA) in [27] . The first relation in this chain is
We note that for a special choice of parameters: P s = n s P , P > 0, the polynomials have the following simple form [26] H s (z) = (1 + P z) ns , (4.5)
This ansatz is a nice tool for verification of general solutions obtained by either analytical or computer calculations. In [28, 29] a computational program for calculations of polynomials (using MAPLE) corresponding to classical series of simple Lie algebras was suggested.
The calculations of P (k) s (which are polynomials of k-th power in P s ) give huge denominators for big k. This may be avoided by using new parameters p s instead of P s p s = P s /n s , (4.6) s = 1, ..., m.
Examples of polynomials
Here we present certain examples of polynomials corresponding to the Lie algebras A 2 , C 2 and G 2 .
4.2.1
A r -polynomials, r = 1, 2, 3.
A 1 -case. The simplest example occurs in the case of the Lie algebra A 1 = sl(2). Here n 1 = 1. We get
A 2 -case. For the Lie algebra A 2 = sl(3) with the Cartan matrix
we have [26] n 1 = n 2 = 2 and
9)
A 3 -case. The polynomials for the A 3 -case read as follows For the Lie algebra C 2 = so(5) with the Cartan matrix (A ss ′ ) = 2 −1 −2 2 (4.14)
we get from (3.6) n 1 = 3 and n 2 = 4. For fluxbrane polynomials we obtain from [36] In all examples presented above the substitution p 1 = . . . = p n = P into polynomials gives us relations (4.5) .
In what follows we denote 
Here the scattering data C s > 0 appear in the leading terms of polynomials 
Black brane solutions governed by fluxbrane polynomials
In this section we show that the "black brane" master equations (3.1)-(3.3) may be solved (at least for small enough values of charge parameters Q s ) in terms of fluxbrane polynomials and give several examples of solutions.
Reduction to fluxbrane polynomials
Let us denote f = f (z) = 1 − 2µz. Then the relations (3.1) may be rewritten as
.., m. These relations could solved by using fluxbrane polynomials H s (f ) = H s (f ; p), corresponding to m × m Cartan matrix (A sl ), where p = (p 1 , ..., p m ) is the set of reduced parameters (4.6). Here we impose the restrictions p i = 0 for all i instead of p i > 0 from the previous section. We put
for all s = 1, ..., m. 
It should be noted that usual black brane solutions deal with negative B s (since ε s < 0 and B ss > 0) and hence p s should be negative. Fluxbrane polynomials with negative p s were considered earlier in cosmological (S-brane) solutions which describe an accelerated expansion of 3-dimensional factor-space [38, 39] . The original fluxbrane polynomials [26] responsible for fluxbrane solutions have positive parameters p s . For black brane applications positive p s correspond to positive B s . This takes place for a certain family of phantom black brane solutions which may be a subject of a separate publication.
Remark. For all examples of fluxbrane polynomials we know, all p = (p i ) with positive entries p i > 0 are proper since in this case H s (f ; p) > 0 for all s and f ≥ 0.
For fixed signs in (5.5) we denote
Here ǫ = (ǫ i ). Then relations (5.3) define the map ). An open question here is to verify whether this is correct globally for certain choices of ǫ = (ǫ i ) and semisimple Lie algebras G (i.e. whether the function f ǫ is bijective or not for certain cases).
Examples
Now we illustrate the general approach by considering several examples of charged black hole (0-brane) solutions corresponding to Lie algebras of rank m = 1, 2. First we consider the gravitational model with one scalar field and one 2-form:
Here g is a D-dimensional metric, F = dA is 2-form; ϕ is scalar field and λ ∈ R is dilatonic coupling. We deal with a charged black hole solution defined on the manifold
We put the brane multi-index corresponding to 1-forms A as I 1 = {1}. We get from (2.15)
In this case relation (2.17) is valid for the Cartan matrix A = (2), corresponding to the Lie algebra A 1 .
The charged black hole solution has the following form (see (2.4)-(2.7)) 
where f (z) = 1 − 2µz, and the parameter p 1 is negative due to relation Relation (5.16) may be rewritten as follows
It follows from (5.17) and (5.18) that 19) in agreement with (3.8) and hence (P > 0)
Thus, relations (5.13)-(5.15) with the moduli function
and P > 0 from (5.20) give us a charged dilatonic black hole solution which coincides up to notations with the solutions from [40, 41] . In [41] another radial variable r = (R d + P )
and parameters B − = P and B + = P + 2µ were used. For special cases of this solution see [42] (d 0 = 2), [43] (λ = 0, ϕ is absent).
Black holes for
Let us consider the gravitational model with two scalar fields and two forms of rank 2:
Here g is a D-dimensional metric,
is a vector of two scalar fields, λ 1 = (λ 1α ), λ 2 = (λ 2α ) ∈ R 2 are dilatonic coupling vectors. In what follows we consider electrically charged black hole solutions defined on the manifold (5.11). We put the brane multi-indices corresponding to 1-forms A 1 and A 2 as I 1 = I 2 = {1}, respectively. We get from (2.14) 
where α = 1, 2 and k = 1, 2, 3 for Lie algebras A 2 , C 2 , G 2 , respectively. thermodynamic quantities and studying the global structures of certain black brane/hole solutions will be a subject of a separate publication.
